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ABSTRACT 
Interactive evolution is a method from the class of evolutionary computation in which the user 
may interrupt the evolutionary process. In doing so, the user can allow his/her preferences to 
determine the fitness of individuals, thereby directing evolution. In this paper, we develop a 
method that evolves models and show its particular application to the interactive evolution 
of mathematical functions. We describe a program, J ardin-curve, that takes data (possibly 
real-valued) and determines a curve and function belonging to this curve. The evolutionary 
process then proceeds on the basis ofthe function obtained in this manner. More generally, the 
central idea of this method is that the user can draw many curves, or give some real-values, 
and the program will find their underlying mathematical function. Applying evolutionary 
operators to this function generates subsequent variations to reach the objective function, a 
process that continues with the potential for further user interaction. 

1. Introduction 

The world of model optimization is becoming very 
complex. In order to deal with this complexity, 
it is necessary to develop appropriate application 
technologies that can extend human capacity and 
reasoning. One such technique, simulated evol-
ution, takes its inspiration from processes in the 
natural world that create forms of complex design. 
Based on this process of natural evolution, a variety 
of evolutionary computation (EC) methods have 
been proposed. In particular, we describe one such 
method, Interactive Evolution (IE) (Graf 1995), as 
an approach to model evolution through selection 
and variation. 

Interactive Evolution is a powerful method combin-
ing the strength of natural selection with the judg-
ment of a human user. Specifically, a human user 
first ranks or selects his favorite individual models 
in a current population. These selected instances 
then constitute the basis for the next generation of 
models, which are the resulting offspring from the 
application of the evolutionary operators. These 
operators, such as recombination and mutation, are 
thus used to evolve variations and improvements of 
an existing set of simulated models. 

This paper demonstrates the utility of the inter-
active evolution (IE) method to evolve classes of 
mathematical functions by incorporating the user 
into the selection process of simulated evolution. 
Although we restrict ourselves in this paper to mod-

els as functions, we should also point out that this is 
a general framework and that such models may be 
graphical models, functions, parameters and curves, 
or data with some specific characteristics. This 
technique can optimize a favorite model, which in 
this case has some functional form. It may also 
be used to generate numerous models, which are 
constrained variants of the user's design. 

Another motiviation for introducing the user into 
the process of simulated evolution is that, although 
the use of evolutionary algorithms for optimization 
is a powerful one, often the practicality of this ap-
proach is limited by the complexity of the search 
involved. That is, the space of possible models is 
too great without some significant reduction. In 
many cases, this reduction can be acheived by al-
lowing the user to interact with the evolutionary 
process to select particular models and discard oth-
ers, thereby delimiting the search problem to some 
subset of interest. 
To summarize our general Interactive Evolution ap-
proach, among its advantages are: 
1. Its performance properties: convergence to a 
target, or desired, model; approximation and op-
timization of models. 
2. Its generative properties: within a short time 
it can generate numerous models and so facilitates 
the efficient search of some space. 

This paper, then, presents to both the scientist and 
designer a new technique to develop and extrapol-
ate simulated models of physical systems through 
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applying evolutionary operators, such as mutation 
and recombination. Specifically, we present J ardin-
curve, a computer program that can evolve any 
graph-function model by interactive evolution. 

This is a new methods, that interprets data 
(possibly real-valued) and determines a curve and 
function belonging to this curve. In addition 
the user can draw many curves, linear or non-
linear, that the program will find their underlying 
mathematical function. We demonstrate how to 
solve and get the mathematical function from such 
curves, with the help of evolutionary computation 
tools, such as interactive evolution tool. Applying 
evolutionary operators to this function generates 
subsequent variations to reach the objective func-
tion, a process that continues with the the potential 
for further user interaction. 

2. Evolutionary Computation 

Evolution is not only powerful enough to bring 
about biological entities as complex as humans, but 
its principles are also useful in simulations to create 
algorithms and structures of higher levels of com-
plexity than could easily be built by traditional 
design. Interactive evolution is a method derived 
from the class of evolutionary computation (EC) 
which are based upon a simple model of organic 
evolution. Systems of selection and variation can 
be used to evolve models. Evolution proceeds from 
generation to generation by exchanging genetic ma-
terial between individuals (recombination), i.e. by 
trying out new combinations of partial solutions, 
and by random changes of individuals (mutation). 
New variations are subjected to selection based on 
an evaluation of features of the individuals accord-
ing to certain (fitness) criteria. 

The best-known representatives of this class of evol-
utionary algorithms are evolutionary programming 
(EP), developed in the U.S. by L.J. Fogel (Fogel, et 
al. 1966), evolution strategies (ESs), developed in 
Germany by I. Rechenberg (1973) and H.-P. Schwe-
fel (1981), and genetic algorithms (GAs), developed 
in the U.S. by J.H. Holland (1975). 
The first applications of evolution strategies (ES) 
came in the field of experimental optimization and 
used discrete mutations. The ES uses real-valued 
object variables and mutation as its main search op-
erator. In addition, recombination operators (e.g. 
discrete recombination) are applied. Parameters 
such as the standard deviation of the mutation are 
added to the representation (individual) as strategy 
parameters, which are adapted during the simula-
tion via heuristics such as Rechenberg's 1/5 success 
rule (Rechenberg 1973). Only the J.l best individu-
als out of the >. offsprings or out of the offsprings 
and parents are selected to form the next popula-
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tion (Schwefel 1981, Back 1994). 
Evolutionary programming (EP) was originally pro-
posed as a method to optimize finite state machines 
for time series prediction, a prerequisite for evolving 
intelligent behavior. More recently, EP has been 
used to address real-valued optimization problems, 
e.g., see (D. B. Fogel 1992). A population of can-
didate solutions to the task at hand is subjected 
to random variation and selection over successive 
iterations. 
Evolutionary programming, as in ES, uses real-
valued object variables and normally distributed 
random mutation with expectation zero. The vari-
ance of the distribution evolves during the optim-
ization process. It is calculated separately for each 
representation as a transformation of its own fitness 
value. Mutation is the primary operator. Recom-
bination is not used in the standard EP algorithm. 
Objective function values are scaled and possibly 
randomly altered to obtain the fitness. Selection of 
new parent representations is done probabilistically 
using a competition procedure which guarantees 
that the best representation is always retained and 
the worst always discarded (Fogel et al. 1992). 
The genetic algorithm (GA) approach works on a 
genotypic level of usually binary encoded individu-
als. (Goldberg 1989). Various selection schemes, 
such as proportional selection, are applied with 
respect to the relative fitness of the individuals. 
Recombination (e.g., 1-point crossover) serves as 
the main search operator. Mutation (e.g., bit-
mutation) is used at a low rate to maintain di-
versity. Nearly no knowledge of the properties of 
the object function is required. In order to use a 
GA for optimization, a mapping from the genotype 
(bitstring) to phenotype (realized behavior) has to 
be defined. This could be a very complicated task, 
because the mapping is absolutely crucial for the 
performance of the GA. 
Genetic programming (GP) is a genetic example of 
learning into the space of programs. These pro-
grams are implemented through operating on tree 
structures. That is, in GP the crossover operation 
is applied by substituting randomly selected sub-
trees in individuals. It should be mentioned that 
GP usually does not use any mutation as a genetic 
operator (Koza, 1992). 

A particularly promising domain for the application 
of evolutionary computation involves the graph-
ical representation of information, either directly 
in terms of morphological properties of physical 
systems, or indirectly through the visual display of 
quantitative information. 
In his book, The Blind Watchmaker (1986) Richard 
Dawkins, for example, demonstrated the potential 
of Darwinian variation and selection in graphics. 
There he evolved 2-D graphic objects termed bio-
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morphs, which were produced from a collection of 
genetic parameters in interaction with the user. Re-
cently, some research has been directed at the ap-
plication of genetic algorithms to image and graph-
ics problems, such as the segmentation of range 
images (Meygret et.al. 1992) and pattern identi-
fication. Sims (1991) used genetic algorithms for 
interactive generation of color art. 
Our main objective in applying principles of sim-
ulated evolution lies in their potential to develop 
useful tools for real-world applications in engineer-
ing and industrial design. To this end, we have de-
veloped new and general techniques called J ardin-
Interactive Evolution to evolve 2-D (bitmap) and 
3-D (voxel) design images (Graf et. al. 1995b). 
These can be applied to many fields of interest, such 
as the design of buildings and cars, or indeed any 
industrial design. 
These techniques can be applied to such areas as 
the production of computer graphics and include, 
e.g., computer-aided design, drafting, simulation 
and animation for geographic visualization, envir-
onmental modeling, architecture and civil engineer-
ing design (Graf 1995), biology, engineering design, 
and environmental sciences. 
The novel idea in such techniques is that we develop 
a system that presents progressively evolving solu-
tions for simulated models by means of interactive 
processes. 

3. Interactive Evolution of Mathemat-
ical Functions 

The Underlying problem is finding a solution for 
curves. A scientist requests often to get the math-
ematical function of some values or curve. To 
achieve a result for such problems generally requires 
obtaining the solution to a system of equations. In-
deed, determining the solution is fundamental, be-
cause what generally provides the practical mean-
ing to the mathematics is the solution and its in-
terpretation. Potential applications of interactive 
evolution of mathematical functions include simu-
lation systems, realization of electronic components 
and complex system. 

Interactive evolution is a powerful method that 
combines the strength of evolutionary optimization 
and the judgment of a human user. It uses the 
judgment of a human user to supply the fitness or 
objective function in a genetic search. Most ap-
proaches to interactive evolution take advantage of 
the human capability to instantly grasp the useful-
ness of graphical functions. 

Genotype and Phenotype 
Notice that, in the case of the application discussed 
here, genotypes are symbolic expressions and real 
values. The phenotype is the realized behavior ob-
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tained by the individual itself, i.e., the product of 
an interpretation of the underlying genotypic rep-
resentation. Here, the phenotype is the resulting 
function graph on the screen. 

y 

X 

Fig. 1: An example of the phenotype gen-
otype, the genotype is the sym-
bolic expression and the phenotype 
is the curve itself 

4. Evolving Mathematical Functions 

Interactive Evolution presents to both the scient-
ist a new technique to develop and extrapolate 
mathematical functions of physical systems through 
applying evolutionary operators, such as mutation 
and recombination. 

4.1. The Algorithm 

Let us begin by describing the algorithms of inter-
active evolution of mathematical functions: 
A top-level description of interactive evolution is as 
follows: 

Step 1: drawing some curves or give some 
data values 
Start with an initial time T := 0; 
Initialize an initial population P (0) 
of models M, that are curves C, 
from the library. 
Compute the fitness function F(Ci) 
for each object ci. 

Step 2: Apply the selection with the interactive 
or/and automatical 
system by selecting the best 
parents for offspring production. 

Step 3: Select pairs of objects and apply 
recombination and/or mutation 
Create new generation of models 
by mating current models; 

Step 4: Compute the fitness function F(C1i) 
for each object q. 

step 5: Increase the time counter; set T: = T + 1 
repeat until you get the best 
mathematical function 
solution. 
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4.2. Simulated models 

In order to understand the class of models we 
evolve, we first characterize our notion of models. 
In this framework, it is possible to evolve many 
different sorts of models. Models can be defined 
as graphical models (Graf et. al. 1995a), functions, 
curves, or programs, such as objected oriented lan-
guages (Graf et. al. 1996). 
A simulation involves variations of many possible 
sorts of real-world processes. In order to consider 
it scientifically, we often have to entertain a set of 
suppositions. These suppositions can take the form 
of a model, which takes the form of mathematical 
or logical relationships regarding the system of in-
terest. A physical system is therefore specified to be 
a grouping of entities, e.g., objects, which interact 
with some dynamics and share common principles 
of organization and behavior. 

A model is defined as a representation of a system. 
There are different types of models, w.hich may be 
static or dynamic, deterministic or stochastic, dis-
crete or continuous. A Model of a physical system 
may be described with the use of mathematical 
methods, such as probability theory, algebra or cal-
culus. Nevertheless, most real-world systems are 
too complex to facilitate analytic models. Hence, 
it is necessary to use simulations to examine the 
properties of such systems. 

There are advantages and disatvantages to evolving 
models 

Employing evolutionary operators in the simu-
lation of models has a number of advantages; these 
include: 

• With a simulated model, we can preserve 
greater control over experimental conditions 
than would be possible with the system itself. 

• Most real-world systems with stochastic ele-
ments cannot be correctly described by an 
analytic model. Therefore the only available 
method is by simulated models. 

• System design can be analyzed via simulated 
models. 

Evolving simulated models is not without liabilities. 
In particular, there are some disatvantages: 

• Simulated models are often expensive m 
terms of man-hour development. 

• Simulations often require a large amount of 
computer resources and run time. 
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Fig. 2: Box diagrams of functions. 

Fig. 3: Black box model. 

In this paper, however, we restrict our work to 
a specific category of mathematical model, models 
of functions. The concept of function has become 
central to mathematics. A function is considered a 
mapping between evidence values and results val-
ues. This mapping must relate at most one result 
value, output, for each possible evidence value, in-
put. A function can be represented intensionally by 
a concept describing the relationship or association, 
or extensionally as a representation of associated 
pairs of the structure called the graph of the func-
tion. 
There is two main problems to solve in this pa-
per, first the problem of overfitting in mathemat-
ical curves and second the problem of optimizing 
mathematical functions for a determined curve. 

Regression Problem 
By incorperating the interactive selection step into 
evolving of mathematical functions, the common 
problem of overfitting of data points can be avoided, 
thus facilitating an efficient search for an optimal 
symbolic expression. The strengths of the inter-
active approach to symbolic regression are demon-
strated by applying the algorithm to a number of 
test cases. 

Given a number N of input-output pairs 
(Xl,Yl), ... ,(XN,YN), the task is to evolve a 
symbolic expression for the mathematical function 
g : ~ --+ ~ which minimizes 

N 

fN(g) = ~~)Y;- g(X;)) 2 (1) 
i=l 

Because of the limited number N of data points, 
evolving mathematical functions might find an ap-
proximate solution to the optimization problem 
!N --+ min , but depending on the set of functions 
that are provided to generate candidate solutions, 
the problem of overfitting might occur, i.e., the be-
havior of g(X) for X; < X < X;+l might be more 
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complex than desired. To solve this problem we can 
use interactive evolution, where the user interrupts, 
and guides the evolution process by biasing the se-
lection of function graphs according to the quality 
of the fit and the degree of overfitting. 

Basically, an existing system is used, substituting 
the selection operator by a software component 
which visualizes the genotypes and allows the user 
to perform selection interactively. 

4.3. Optimization Problem 

The principle idea of using a simulated evolutionary 
process is for the purpose of solving an optimization 
problem, where the goal is to find a collection of 
parameters such that a particular property rule is 
maximized or minimized. Problems of this type 
have an enormous significance in many fields of 
area of application, such as research and industrial 
production. 
The main goal of the global optimization problem is 
summarized in the following definition: 

Given a function, f : M ~ Rn ~ R, 

M -=f. 0, for X* E M 

the value f* := f(i*) > -oo 
is called a global minimum, 

ViE M : f(i*) :::; f(x) . (2) 

Then, i* is a global minimum point, f is called ob-
jective function, and the set M is called the feasible 
region. The problem of determining a global min-
imum point is called the global optimization prob-
lem. 

To reach a result for a real problem generally in-
volves obtaining the solution to a system of equa-
tions. In fact, specifying the solution is primary 
because what generally supplies the useful meaning 
to the mathematics is the solution and its interpret-
ation. 

Evolutionary algorithms can treat the optimization 
problem as a black box. That is, in order to obtain 
a solution only minimal assumptions need be made 
regarding the functional form of the objective func-
tion. 
In oder to solve the optimization problem, we can 
either try to gain more knowledge or exploit what 
we already know about the interior of the black box. 
If the objective function turns out to be smooth and 
differentiable, analytical methods will produce the 
exact solution. 
On computation, polyeder strategy, pattern search, 
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and rotating coordinate search should also be men-
tioned here because they exemplify robust non-
linear optimization algorithms (Schwefel 81). 
Distributing with technical optimization problems, 
one will rarely be able to write down the objective 
function in a closed form. We often need a simula-
tion model in order to understand reality. 

As we show, incorporating the user into the evolu-
tionary framework helps to overcome some of these 
disadvantages by allowing the user's preferences to 
delimit the search involved and to direct the process 
of simulation evolution. 

5. Variation Process of Evolving 
Mathematical Functions 

To evolve any model, it is important to define it 
and to specify how the variation operator can be 
applied to it. 

Variation 

Any model is constituted of curves, which define 
it. And these curves are constituted of parts. In 
a population, we have many individuals, and every 
part in an individual corresponds to another part 
in another curve, in the domain area of the ( x, y, z) 
coordinates system. In the recombination or muta-
tion operator (Graf et.all995), a point corresponds 
to another point in some other model to specify, we 
desribe: 

Any curve can be represented as a sequence of 
points or vertices, with each vertex consisting of an 
ordered pair of numbers (x, y, z), its coordinates. 
This constitutes the challenge to find appropriate 
operators for the generation of new variants of an 
existing curve, because structural or functional con-
servation of the curve's content is of utmost import-
ance in applications. 

In some cases it is easy to describe a curve 
with a mathematical function, if this curve is lin-
ear. Whith the help of approximation, many linear 
curves are possible to describe. Here we are in-
terested to describing and solving non-linear and 
complex curves. Therefore we use hopmotopy prin-
ciples in addition to interactive evolution. 

5.1. The homotopy principle 

One of our goals is to find a point x = (x1, ... , xn) 
that solves nonlinear systems. To accomplish this 
is in one formulation to start with another system 
of equations to which we already know the solution. 
Normally, this is a simple system that has an obvi-
ous solution. We then take this simple system and 
mathematically change it into the original system. 
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This changing, bending or twisting notion underlies 
a mathematical concept, called homotopy (Garcia 
and Zangwill1981). 

While bending the system we prudently control the 
solution, as it also bends from the obvious solution 
into the solution we search. Carefully using this 
concept, we can solve the initial, given problem. 
In fact, homotopies will permit us to solve an im-
pressive range of problems, possibly more than any 
other competitive method known. 
Therefore in interactive evolution we have to have 
a standard data of solved nonlinear equations. 

5.2. Library 

The library contains designated curves and their 
mathematical functions. In this way we can use 
different mathematical functions with their corres-
pondant curves in the evolutionary process. 

Recombination 
In simulated evolution, one approach is to consider 
a curved object as a set of points. Then, the process 
of mutation and expansion can be systematically 
implemented using the concept of geometric trans-
formations. Each point can be defined using three 
coordinates, x, y and z. 
A transformation is determined by defining new 
variables, x', y' and z', as functions of x, y and z. 
A geometric transformation can often be considered 
as a general change, independent of the special ob-
ject to which it is then applied. 

Transformations are important tools in evolving 2-
and 3-dimensional curves. The (x, y) and (x, y, z)-
coordinates might have been processed by linear 
functions which left them unchanged, stretched or 
compressed. The central idea behind recombina-
tion is based on transformation and exchanging ge-
netic information. The methods for evolving curve 
models are based on distributive data interpolation 
and extrapolation. The methods use corresponding 
points in the curves to be interpolated. Interactive 
evolution techniques which can be used for object 
metamorphosis include solid deformations. In such 
a case, the 2-D or 3-D model of the first curve 
is transformed in order to assume the ~hape and 
properties of the second curve, and the resulting 
animation is recorded. The interactive evolution 
process helps us to construct bodies with varying 
structures, which are potentially real shapes from 
nature. 
C(X) = Ct(Xt) + C2(X2) + ... 

The recombination operator deletes or adds parts 
to get a mathematical function of the original curve. 
For curve in non-linear domain can be solved with 
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the piecewise principle, that is the entire .· domain 
of the curve is divided into subsets, parts, and on 
each subset the function is defined differently. after 
getting piecewise solutions we try to fit them in 
curves of the library with help of the recombination 
operator. 

Mutation 
Mutation is commonly considered to be a local op-
eration that does not radically change the resulting 
phenotype. In order to provide this part in the func-
tion or curve evolution, we use a very small number 
of parts in the curve for the mutation. Second, 
a mutation mutx modifies the form of a part Ci 

from the curve. Each of the offspring solutions are 
mutated according to a distribution of mutation 
types, ranging from minor to extreme with a con-
tinuum of mutation types in between. The severity 
of mutation is judged on the basis of the functional 
change imposed on the parents. 

The description of mmutx is given as follows: 

Local mutation operator: mutx : 
mutx(c.,) := (c~) 
With, C~ = (cl., 1 ••• , Ci-1., 1 Ci.,

1 
1 Ci+l., 1 • • ·, Cn.,) 

and c; := (Xt, .. . ,XnJ, 
with X values of points of the parts of the curves. 
ni EN 
iEU{l, ... ,c} 
iJ.,/ = (X't. . . . ,X'n;), X/= Xi+ Zi 
j := {1, ... ,ni} 
Z; ..... N(O, u 2 I) 

6. J ardin Curve Program 

Jardin-curve is a interactive evolution program, 
that allows the evolution of curves and mathem-
atical functions, and runs under the X Window 
System. Jardin-curve loads and saves curves pop-
ulations. It provides facilities to store points in 
curves, to transform curves, to load new values and 
to apply the evolutionary process. Mathematical 
functions are inherited from generation to gener-
ation, and a human user can interrupt and select 
new generations of mathematical curves. This pro-
cess is repeated until a favourite individual in the 
population is generated. 

Follows is a description of the J ardin-curve pro-
gram: 

• first, the user is able to draw in the program 
any curves and/or give real values data. 

• this system is able to recognize the function 
of this curve, while its able to recombine and 
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mutate some curve from the library. This 
variation will repeat until the reachness of the 
original curve and attain the mathematical 
functions of this curve. 

• If the result curves does not fit the objective 
function of the user, then the user is able to 
play a role in the evolutionary process, the 
user is able to select some curves to avoid 
overfitting in regression problem. 

Often there is non-linear or/and complex curves 
such as the following figure, to solve complex curves 
we use this system: 

lmilgil\ilrAxis Cl 

Cl 

Fig. 4: An example of a complex curve, 
which the user has entered into the 
program, Jardin-curve. 

This integral the complex function is w = f( z) 
along the curve C the complex z-plain as if integ-
ration way with a as beginning point and b the 
endpoint the integration is the complex number: 

·1b f(z)dz = 

liiDma:riz.-z.-d L~=lf(Cv)(zv- Zv-1(3) 
Under the circumstances that the limit exist, 

and neither depends from the choice of n + 1 the 
dissection points a = z0 , b = z1 , ... , Zn the curve 
C, nor from the choice of the intersection points 

1b f(z)dz = 1b [u(x, y) + iv(x, y)]d(x + iy) (4) 

1b f(z)dz = 1b u(x, y)dx- v(x, y)dy 

+ i J: v(x, y)dx + u(x, y)dy(5) 

If we decompose the integral in equation (3) of the 
integral f(z) and z in the real and imaginary part, 
so that the reconstruction of the integral from two 
real curves integral is visualized. 
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Fig. 5: An example of some curves, which 
the user has entered into the pro-
gram, Jardin-curve. 

Fig. 6: This figure shows the next gener-
ation of curves after Jardin-curve 
has applied the recombination op-
erator. 

'J~' :A~• noM .,., ........... . 
• ~~·~·,. ·=~ :.c:•re·' ,,. •• :..e: .. ): ') ~ -· • 

c ................... ---. ... ~··::::::::::::·~::-:·.:.:;:;,::·::·:::·:~~-··-········· ............. . 

........ .,. 
·., ___ " ··, . .... 

'. 

Fig. 7: Jardin-curve extracts the under-
lying mathematical function for 
some descendents of the user's 
curves. 

6.1. Summary 

Interactive Evolution possesses a number of import-
ant principles that make it a powerful approach to 
physical simulation and design. Unlike many evol-
utionary approaches, interactive evolution involves 
the user into the selection process. This allows the 
user to direct the evolution process, and so provides 
a highly flexible and responsive development en-
vironment, providing for both the inclusion of the 
user's preferences and the power of evolutionary 
operators to generate novel variants for the user's 
perusal. 

One of the most natural domains for such an en-
vironment is that of visual forms since these provide 
an immediate feedback to the user in the form of 
computer graphics. And, since computer graphics 
have a well established underlying mathematical 
form, this also readily provides the formal objects 
for evolution operators. In this paper, we illus-
trated this potential through the program J ardin-
curve, which finds the underlying mathematical 
function for a user-defined curve or dataset and 
presents the user with variants of that underlying 
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representation. Through this interactive process, 
the user may explore a novel design s"pace that is 
nonetheless constrained by the user's preference. 
This interactive evolution of mathematical func-
tions system has the potential for a large number 
of application areas: such as interactive plotting in 
business and statistic, electronic publishing, simu-
lation for scientific visualisation, etc. Our interact-
ive sim~lations have shown that interesting results 
can be achieved even with small population sizes 
and only few generations. This makes the system 
applicable to rapid mathematical design and proto-
typing, in a variety of application areas. 
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